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Abstract
An explicit holographic correspondence between AdS bulk and boundary quantum states is found in the form of a one to one
mapping between scalar field creation/annihilation operators. The mapping requires the introduction of arbitrary energy scales
and exhibits an ultraviolet-infrared duality: a small regulating mass in the boundary theory corresponds to a large momentum
cutoff in the bulk. In the massless (conformal) limit of the boundary theory the mapping covers the whole field spectrum of
both theories. The mapping strongly depends on the discretization of the field spectrum of compactified AdS space in Poincaré
coordinates.
The holographic principle asserts that a quantum
system with gravity can be represented by a theory
on the corresponding boundary [1–3]. This principle
was inspired by the result that the black hole en-
tropy is proportional to its horizon area [4,5]. A re-
alization of that principle was proposed by Malda-
cena in the form of a conjecture [6] on the equiva-
lence (or duality) of the large N limit of SU(N) su-
perconformal field theories in n dimensions with su-
pergravity (as a limit of superstring theory) defined
in (n+ 1)-dimensional anti-de Sitter spacetime times
a compact manifold (AdS/CFT correspondence). Pre-
scriptions for realizing this conjecture, using Poincaré
coordinates in the AdS bulk, were established by Gub-
ser, Klebanov and Polyakov [7] and Witten [8]. In their
approach, the AdS solutions play the role of classical
sources for the boundary field correlators (for a review
and a wide list of references see [9,10]). The relation
between the holographic mapping and the renormal-
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ization group flow was discussed in [11]. Further, the
recent model of Randall and Sundrum [12] that pro-
poses a solution to the hierarchy problem also presents
holographic mapping between AdS bulk and bound-
ary [13].
The isomorphism between the Hilbert spaces of the
AdS string theory and the boundary CFT was estab-
lished in [14–17]. However, in this context it is dif-
ficult to find an explicit one to one mapping between
bulk and boundary quantum states. Besides the involv-
ing string structure, one source of difficulty for an ex-
plicit mapping is the different dimensionality of the
spaces. So it would be interesting to have, an exam-
ple, of a one to one mapping between bulk and bound-
ary quantum states. We show that this is possible con-
sidering a simple model with scalar fields for bulk
and boundary. Scalar fields in the AdS bulk has al-
ready been discussed in [7,8], although the associated
boundary field in the AdS/CFT correspondence would
be composite as can be seen from its conformal dimen-
sion.
In this Letter we find an explicit one to one relation
between the creation–annihilation operators of scalar
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fields in AdS spacetime and on its boundary. This
implies a direct relation between the corresponding
quantum states. This mapping is possible because of a
discretization of the field spectrum in the AdS bulk as
discussed previously in Refs. [18,19]. A fundamental
ingredient is that canonical commutation relations in
both theories are preserved. This is a realization of
the holographic principle. One remarkable fact is that
there is an ultraviolet–infrared duality. Starting with
boundary fields with some small mass µ (that can be
interpreted as some infrared regulator) we find that
the bulk field has an ultraviolet cut off behaving as
1/µ. Also remarkable is the fact that the mapping
completely covers both theories in the conformal
(massless) limit of the boundary field.
In order to consistently define a quantum field the-
ory in AdS space one actually needs a compactification
of this space. This way one is able to impose appropri-
ate boundary conditions and avoid the loss or gain of
information at spatial infinity in finite times and thus
have a well defined Cauchy problem. This was estab-
lished in [20,21] in the context of global coordinates
(these coordinates have finite ranges).
Anti-de Sitter spacetime of n + 1 dimensions can
be represented [9,10] as the hyperboloidX20 +X2n+1−∑n
i=1X2i = Λ2 with Λ = const embedded in a flat
(n+2)-dimensional space with metric ds2n+2 =−dX20
− dX2n+1 +
∑n
i=1 dX2i . The so-called Poincaré coor-
dinates z, x, t are introduced by
X0 = 12z
(
z2 +Λ2 + x2 − t2),
Xi = Λx
i
z
, Xn+1 = Λt
z
,
(1)Xn =− 12z
(
z2 −Λ2 + x2 − t2),
where x = (x1, x2, . . . , xn−1) with −∞ < xi < ∞,
−∞< t <∞ and 0 z <∞. In this case the AdSn+1
measure with Lorentzian signature reads
(2)ds2 = Λ
2
z2
(
dz2 + (d x)2 − dt2).
In recent articles [18,19] we investigated the quan-
tization of scalar fields in the AdS bulk in terms of
Poincaré coordinates, taking into account the need
of compactification of the space. The AdS boundary
corresponds to the region z = 0 described by usual
Minkowski coordinates x, t plus a “point” at infinity
(z→∞). This point belongs to the boundary in global
coordinates and must be added to the space in order to
find the appropriate compactification. As discussed in
[18,19] this compactified AdS space cannot be com-
pletely represented in just one set of Poincaré coordi-
nates. So one needs to introduce two coordinate charts
in order to represent the compactified (in the axial z di-
rection) AdS space. Each chart stops at some value of
its z coordinate. The necessity of cutting this axial co-
ordinate has the nontrivial consequence that the field
spectrum is discrete in the z direction as one should
expect from a compact dimension. This reduces the
dimensionality of the bulk space of states and makes it
possible to find a one to one mapping into the bound-
ary states. Note that one chart can be taken arbitrarily
large in order to describe as much of the AdS space as
wanted.
Let us consider a massive scalar field Φ in the
AdSn+1 spacetime described by these coordinates with
action
(3)I [Φ] = 1
2
∫
dn+1x√g (∂ξΦ∂ξΦ +m2Φ2),
where we take x0 ≡ z, xn+1 ≡ t , √g = (x0)−n−1 and
ξ = 0,1, . . . , n+ 1.
We consider a Poincaré chart in AdSn+1 with 1
n 3 given by 0  z  R, where we will take R to
be arbitrarily large (but finite) in order to take as much
of the AdS space as we want. The solutions of the
classical equations of motion implied by the action (3)
can be used to construct quantum fields in this region
giving [18,19]
Φ(z, x, t)=
∞∑
p=1
∫
d k
(2π)n−1
zn/2Jν(upz)
Rwp(k)Jν+1(upR)
(4)× {ap(k)e−iwp(k)t+ik·x + c.c.},
where k = (k1, . . . , kn−1), wp(k)=
√
u2p + k2, up are
such that Jν(upR)= 0 with ν = 12
√
n2 +m2 and c.c.
means complex conjugate. The operators ap,a†p sat-
1 The AdS3 case has some peculiarities and should be discussed
separately.
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isfy the commutation relations[
ap(k),a†p′(k′)
]
(5)= 2(2π)n−1wp(k)δpp′δn−1(k − k′).
On the n-dimensional boundary z = 0 we consider
quantum scalar fields with a mass µ:
Θµ(x, t)= 1
(2π)n−1
∞∫
−∞
d K
2w( K)
(6)× {b( K)e−iw( K)t+i K·x + c.c.},
where K = (K1, . . . ,Kn−1), w( K)=
√
K2 +µ2 and
the creation–annihilation operators satisfy the canoni-
cal algebra[
b( K),b†( K ′)]
(7)= 2(2π)n−1w( K)δ( K − K ′).
Note that K and k have the same dimensionality once
we separate the component up of the bulk momentum
which is discrete.
In order to establish a correspondence between
these two theories we use generalized spherical co-
ordinate systems for representing both boundary and
bulk momentum variables K = (K, φ˜, θ˜&) and k =
(k,φ, θ&), respectively, where K = | K|, k = |k| and
& = 1, . . . , n − 3. So we rewrite the phase space vol-
ume elements as
d K =Kn−2 dK dΩ˜n−1,
(8)d k = kn−2 dk dΩn−1,
where dΩ˜n−1, dΩn−1 are the infinitesimal elements
of solid angle in n − 1 dimensions for, respectively,
boundary and bulk.
Now, using this spherical coordinate representation,
we introduce a sequence of energy scales (1, (2, . . .
and split the operator Θµ as
Θµ(x, t)= 1
(2π)n−1
(1∫
0
Kn−2 dK
2w(K)
×
∫
dΩ˜n−1
{
b( K)e−iw(K)t+i K·x + c.c.}
+ 1
(2π)n−1
(2∫
(1
Kn−2 dK
2w(K)
×
∫
dΩ˜n−1
{
b( K)e−iw(K)t+i K·x + c.c.}
(9)+· · · .
Then with a suitable mapping one can relate each
of the Θµ integrals above with the integral of the bulk
field Φ , Eq. (4), over d k for a fixed up. Considering
first the interval 0  K  (1 and p = 1 we introduce
relations between the creation-annihilation operators
of both theories. We assume that k is some function
of K and that the angular part of the mapping is trivial
so that the same set of angular coordinates are used for
bulk and boundary momenta. We choose
K
n−2
2 b(K,φ, θ&)= k n−22 a1(k,φ, θ&),
(10)K n−22 b†(K,φ, θ&)= k n−22 a†1(k,φ, θ&),
where the moduli of the momenta are mapped onto
each other through
(11)k = g1(K,µ).
Requiring that the canonical commutation relations
(5), (7) are consistent with the above relations we find
that the function g1 is of the form:
g1(K,µ)= 12
u21C1(µ)
(K +√K2 +µ2 ) −
1
2
K +√K2 +µ2
C1(µ)
(12)
where C1(µ) is an arbitrary integration constant, for a
given µ. In order to have k  0 we put
(13)C1(µ)=
(1 +
√
(21 +µ2
u1
so that the maximum value of k = g1(K,µ) corre-
sponds to K = 0 and is given by
(14)λ1 = 12u1
((1 +√(21 +µ2
µ
− µ
(1 +
√
(21 +µ2
)
.
Then, for the other intervals (i−1 <K  (i , that we
put in correspondence with ui , we introduce similarly
the relations
b(K,φ, θ&)
=
[
K2 +µ2
(K − (i−1)2 +µ2
] 1
4
[
gi(K,µ)
K
] n−2
2
× ai
(
gi(K,µ),φ, θ&
)
,
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b†(K,φ, θ&)
=
[
K2 +µ2
(K − (i−1)2 +µ2
] 1
4
[
gi(K,µ)
K
] n−2
2
(15)× a†i
(
gi(K,µ),φ, θ&
)
,
with k = gi(K,µ) and again we impose that the
canonical relations (5), (7) are preserved, finding
gi(K,µ)= ui2
[
+(i +
√
(+(i)2 +µ2
K − (i−1 +
√
(K − (i−1)2 +µ2
− K − (i−1 +
√
(K − (i−1)2 +µ2
+(i +
√
(+(i)2 +µ2
]
,
(16)
where +(i = (i − (i−1, so that gi((i ,µ) = 0. The
maximum for gi(K,µ) happens for K = (i−1 and is
given by
(17)
λi = 12ui
(
+(i +
√
(+(i)2 +µ2
µ
− µ
+(i +
√
(+(i)2 +µ2
)
.
Note that the λi are different in general depending
on ui and +(i . The ui are related to the zeros of the
Bessel functions and obey the ordering ui > ui−1, but
the intervals +(i are of arbitrary size by construction.
This mapping between the momenta K and k is
illustrated in Fig. 1.
So we have established a correspondence between
the states of scalar fields in AdS bulk (massive or not)
with massive scalar fields on its boundary.
Fig. 1. The mapping between the boundary momentum K and bulk
momentum k for the case of a massive boundary theory. Finite
intervals on K are mapped into intervals for k with cutoffs λi for
each ui .
An important feature of this correspondence is that
the boundary theory (which has an infrared cutoff µ)
is mapped into a bulk theory with ultraviolet cutoffs λi
given by Eq. (17) for each value of ui . Note that a
small µ corresponds to large λi (with a leading order
term∼ 1/µ). So that we find explicitly a duality of the
regimes UV–IR in the bulk/boundary mapping.
The mapping of massive boundary fields into bulk
scalar fields implies a direct relation between the
corresponding quantum states
(18)
∣∣ Ki,µ〉↔ ∣∣k,ui 〉,
with Ki = (Ki,φ, θ&) being a momentum with mod-
ulus (i−1 < Ki  (i and k = (k,φ, θ&) with modulus
0  k < λi . This is a realization of the Holographic
principle in terms of quantum states and it exhibits
the ultraviolet–infrared duality expected from the bulk
boundary correspondence [3].
Now we focus on the important limiting case of a
massless (conformal) boundary theory. First we note
that the first interval will be taken as 0 < K  (1,
excluding the state of K = 0 that is not physically
relevant in this massless case. The other intervals are
taken again as (i−1 < K  (i as in the massive case.
Here we find ( (0 ≡ 0)
(19)gi(K)= ui2
[
+(i
K − (i−1 −
K − (i−1
+(i
]
,
such that gi((i)= 0. Note that the maximum for gi(K)
also happens for K = (i−1 and is given by
(20)λi = 12ui
(
+(i
µ
− µ
+(i
)∣∣∣∣
µ→0
→∞.
So we find out that when the boundary theory is
conformal the whole phase space of the bulk (without
any UV cutoff) is mapped in the whole phase space
of the boundary (with the exception of the state of
zero momentum that has no Physical content). This
one to one mapping between the momenta K and k
is represented in Fig. 2.
In the conformal case we found a direct mapping of
boundary/bulk quantum states:
(21)
∣∣ Ki 〉↔ ∣∣k,ui 〉,
where again (i−1 < Ki  (i but now 0  k < ∞
without any ultraviolet cutoff.
The correlation functions for the conformal bound-
ary theory can be calculated [22] directly from the
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Fig. 2. The mapping between the boundary momentum K and
bulk momentum k for the case of a conformal boundary theory.
Every finite interval on K is mapped into an infinite interval for k
(corresponding to each value of ui ), so that the bulk phase space is
completely covered by this mapping.
boundary fields, Eq. (6)
(22)〈Θ0(x)Θ0(x ′)〉∼ 1
(x − x ′)2d ,
where x = (x, t), x ′ = (x, t ′) and d = (n− 2)/2 is the
conformal dimension for the scalar field Θ0 ≡ Θµ=0
defined in the boundary of AdSn+1.
Let us now comment on the differences between
our approach and that of the AdSn+1/CFTn correspon-
dence [6–8]. In that case bulk scalars of mass m are
mapped into boundary composite operators of confor-
mal dimension (n + √n2 + 4m2 )/2. It is interesting
to note that m2 can be negative subjected to a lower
bound m2  −n2/4 [8,21], so that the conformal di-
mension is  n/2. This dimension will not match that
of our boundary field because we considered a simpler
situation of bulk and boundary scalar theories. How-
ever, with this simple model we found a direct one to
one mapping between quantum states.
We expect that our mapping could be generalized to
other fields if one starts with appropriate expansion for
the boundary operators. This would enlarge the mech-
anism proposed here possibly allowing the inclusion
of composite operators. In that case the relation be-
tween such a mapping and the AdS/CFT correspon-
dence would be closer.
Finally we point out that once established a one
to one mapping between bulk and boundary quantum
states it is possible to relate their entropies in the same
way. So the entropy area law would be a consequence
of this mapping, at least for the system of scalar fields
analyzed here.
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